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Abstract—Segment tree is a tree-based data structure
commonly used to answer range queries and perform updates
efficiently on an array. However, a regular segment tree only
maintains the latest state of the data, so previous states are lost
after an update is performed. This limitation can be solved by
using a persistent segment tree, which preserves older versions of
the structure through path copying. This paper analyzes the time
and space complexity of build, update, and query operations in a
persistent segment tree. The analysis begins by reviewing the
regular segment tree, then continues with the persistent version
and its versioning mechanism. The result shows that the initial
build operation requires linear time and space, while each point
update requires logarithmic time and logarithmic additional
space. Range queries on any version can still be performed in
logarithmic time in the worst case. Therefore, persistent segment
tree provides access to historical versions while preserving
efficient operation complexity.
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I. INTRODUCTION

Efficient range processing is a common requirement in
computational problems. Given an array, a program may need to
repeatedly answer queries such as range sum, minimum, or
maximum, while also supporting updates to individual elements.
A naive approach scans the queried interval directly, which
becomes inefficient when the array size and the number of
operations are large.

A segment tree is a binary tree data structure that solves this
problem by storing information about array intervals. The root
represents the whole array, while each child represents a smaller
subinterval. With this structure, point updates and range queries
can be performed efficiently because the algorithm only visits
relevant nodes instead of processing the whole array.

However, a regular segment tree only stores the latest
version of the data. When an update is performed, the affected
nodes are overwritten, so previous versions can no longer be
accessed. This becomes a limitation when a problem requires
queries on historical states of the array. Copying the entire tree
after every update is possible, but it is inefficient in both time
and memory.

A persistent segment tree solves this limitation by preserving
old versions through path copying. During a point update, only
the nodes along the path from the root to the updated leaf are
copied, while the unaffected subtrees are shared between
versions. This allows multiple versions of the segment tree to
exist without rebuilding or copying the entire structure.

This paper analyzes the time and space complexity of build,
update, and query operations in a persistent segment tree. The
analysis focuses on point updates and range sum queries. It also
compares the persistent version with the regular segment tree to
show the tradeoff between historical access and additional
memory usage.

II. THEORETICAL FOUNDATION

A. Algorithm Complexity

Algorithm complexity is used to measure how the resource
usage of an algorithm grows as the input size increases. The two
most common resources analyzed are time and space. Time
complexity describes the number of basic operations performed
by an algorithm, while space complexity describes the amount
of memory required during execution.

In this paper, the input size is denoted by N, where N
represents the number of elements in the initial array. The
number of update operations is denoted by U. The number of
range queries is denoted by Q. The analysis uses asymptotic
notation to describe the growth of each operation. Big-O
notation is used for upper bounds, Big-Omega notation is used
for lower bounds, and Big-Theta notation is used when the upper
and lower bounds are asymptotically equal.

B. Binary Tree

A binary tree is a tree data structure in which each node has
at most two children. These children are usually called the left
child and the right child. Segment tree is based on this structure
because each interval can be divided into two smaller intervals.
The root node represents the whole interval, and each level
below it represents smaller subintervals.

For an array of size N, the height of a balanced binary tree
that repeatedly divides the interval into two parts grows
logarithmically with respect to N. This height is important
because update and query operations in a segment tree only need
to visit a limited number of nodes on each level.
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C. Regular Segment Tree

A segment tree is a binary tree data structure used to store
information about intervals of an array. The root represents the
entire array, while its children represent smaller subintervals.
This division continues recursively until each leaf node
represents one array element.

Each internal node stores a value obtained by combining the
values of its children. In a range sum segment tree, this value is
the sum of all elements in the node’s interval. Other operations,
such as minimum or maximum, can also be used if two child
intervals can be combined.

A regular segment tree supports build, update, and query
operations. The build operation constructs the tree from the
initial array, the update operation changes one element and
recalculates affected nodes, and the query operation retrieves the
combined value of a given range. However, a regular segment
tree only stores the newest state, so previous states are
overwritten after updates.
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Fig. 2.1 Segment Tree Illustration

(Taken from cp-algorithms)

D. Persistent Data Structure

A persistent data structure is a data structure that preserves
its previous versions after modifications. Instead of replacing the
old structure completely, a persistent data structure creates a new
version while keeping the old version accessible. This is useful
when a program needs to answer queries not only on the current
data, but also on earlier states of the data.

There are several ways to implement persistence. One
common method is path copying. In this method, when a node
must be changed, the algorithm creates a new copy of that node
instead of modifying the original node. Then, all ancestors of
that node must also be copied so that the new version has its own
path from the root. Parts of the structure that are not affected by
the update can still be shared between the old and new versions.

E. Persistent Segment Tree

A persistent segment tree applies the idea of persistence to a
segment tree. Each version of the array is represented by a
different root node. The first root represents the initial array,
while every update creates a new root that represents the updated

version. Since each point update only affects one path from the
root to a leaf, only the nodes on that path need to be copied.

The unaffected subtrees are shared between versions.
Therefore, the persistent segment tree avoids copying the entire
tree after each update. This makes it possible to keep many
historical versions while still maintaining efficient update and
query operations.

55:

Fig. 2.2 Persistent Segment Tree Illustration
(Taken from Stack Overflow)

III. SEGMENT TREE AND PERSISTENT SEGMENT TREE
MECHANISM

A. Regular Segment Tree Mechanism

A regular segment tree is built recursively by dividing an
array interval into two smaller intervals until each leaf represents
one array element. For a range sum segment tree, each internal
node stores the sum of its two children. This allows range
queries to use stored interval values directly instead of scanning
every element.

Point updates are also performed recursively. The algorithm
follows the path from the root to the updated leaf, changes the
leaf value, and recalculates the affected ancestors. However,
these changes are applied directly to the existing tree nodes, so
the previous version of the tree is overwritten.

B. Limitation of Regular Segment Tree

The main limitation of a regular segment tree is that it only
stores the latest version of the array. After an update, the old
values of the updated leaf and its ancestors are lost. Copying the
entire tree before every update could preserve old versions, but
this would require copying many nodes that are not actually
affected by the update.

C. Persistent Segment Tree Mechanism

A persistent segment tree avoids this problem by using path
copying. Instead of modifying old nodes, the update operation
creates new nodes only along the affected root-to-leaf path.
Unchanged subtrees are reused between versions.
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Each version is represented by a root pointer. The initial root
represents version 0, and every update returns a new root for the
new version. Since the old root is still stored, old versions can
still be queried.

D. Build, Update, and Query Operations

The build operation creates the initial tree. The update
operation receives a root, an index, and a new value, then
returns a new root after copying only the affected path. The
query operation receives the root of the chosen version and
performs the same range query logic as a regular segment tree.
Since queries do not modify the tree, they do not create new
nodes.

IV. REGULAR SEGMENT TREE IMPLEMENTATION

This section describes the regular segment tree
implementation used as the comparison basis for the persistent
segment tree. The implementation supports point updates and
range sum queries. Unlike the persistent version, a regular
segment tree modifies its nodes directly, so only the latest
version of the array is stored.

A. Tree Representation

The regular segment tree is represented by an array, and the
root of the tree is placed at index 0. If a node is stored at index
cur, then its left child is stored at index 2cur + 1 and its right
child is stored at index 2cur + 2. This indexing method allows
the tree to be represented without using pointers.

= leb;
A[N + 5];

TREE[4 * N + 5];

Fig. 4.1 Tree Representation Implemetation of Regular
Segment Tree

The array A stores the initial input values, while TREE stores
the values of the segment tree nodes. Since the implementation
is used for range sum queries, each node in TREE stores the sum
of the array interval represented by that node.

B. Build Operation

The build operation constructs the segment tree recursively.
If the current interval contains only one element, the current
node stores the value of that element. Otherwise, the interval is
divided into two subintervals. The left and right children are
built first, then the current node stores the sum of both children.

build( cur, 1, r) {

if (1 ==r) {
TREE[ cur
return;

= A[1];

}

mid = (1L + r) / 2;
build(cur * 2 + 1, 1, mid);
build(cur * 2 + 2, mid + 1, r);
TREE[cur] = TREE[cur * 2 + 1] + TREE[cur * 2 + 2];

Fig. 4.2 Build Implementation of Regular Segment Tree

In this function, cur represents the current node index in the
TREE array, while | and r represent the left and right boundaries
of the interval covered by that node. The initial call is build(0, 0,
N - 1), because the root is stored at index 0 and represents the
whole array.

C. Update Operation

The update operation changes the value of one array element.
The algorithm recursively searches for the leaf node that
represents the updated index. After the leaf value is changed,
every ancestor on the path back to the root is recalculated.

update( cur, 1, P idx,
if (1 >r || r < didx || 1 > idx) return;
if (1 ==1r) {

TREE[cur] = val;
return;

}
mid = (1 + r) / 2;
update(cur * 2 + 1, 1, mid, idx, val);
update(cur * 2 + 2, mid + 1, r, idx, val);
TREE[cur] = TREE[cur * 2 + 1] + TREE[cur * 2 + 2];

Fig. 4.3 Update Implementation of Regular Segment Tree

The initial call is update(0, 0, N - 1, idx, val), where idx is
the index to change and val is the new value. The condition at
the beginning of the function checks whether the current interval
contains the updated index. If the interval does not contain the
index, the function stops immediately. If the interval is a leaf,
the value is updated. Then, on the way back from recursion, the
affected internal nodes are recalculated.

D. Query Operation

The query operation returns the sum of elements inside a
given range. If the current interval is completely outside the
query range, the function returns 0 because 0 is the identity value
for addition. If the current interval is completely inside the query
range, the stored value of the current node is returned directly. If
the current interval partially overlaps with the query range, the
query continues recursively to both children.

query( cur, 1, r, ql,

ifF(1>r || 1>qgr || r<gl) return @;

if (ql <= 1 && r <= gr) return TREE[cur];
mid = (1 + r) / 2;

2 +1, 1, mid, ql, gr)

2+ 2, mid+ 1, r, ql, gr);

qr) {

return query(cur *
+ query(cur *

Fig. 4.4 Query Implementation of Regular Segment Tree

The initial call is query(0, 0, N - 1, g1, qr), where ql is the left
bound and qr is the right bound of the range query. The query
operation does not modify the tree. It only reads values from
nodes that are relevant to the requested range.
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V. REGULAR SEGMENT TREE COMPLEXITY
ANALYSIS

Let N be the data size, U be the number of update operations,
and Q be the number of query operations. This section analyzes
the time and space complexity of the regular segment tree
implementation. The analysis is based on the number of nodes
visited, updated, or stored by the algorithm.

A. Build Operation Complexity

The build operation constructs the segment tree from the
initial array. Each element of the array becomes one leaf node,
so there are N leaf nodes. Since the segment tree is a full binary
tree, the number of internal nodes is N - 1. Therefore, the total
number of logical nodes in the segment tree is

Tpuiia(N) = N+ (N — 1)
Tpuua(N) = 2N — 1

Because the build operation visits and computes each node
exactly once, the number of operations is proportional to the
number of nodes.

To prove the upper bound, for every N> 1,
Tbuild(N) = ZN -1 < 2N
Let C =2. Then,
Tpuia(N) < CN
Therefore,
Tpuua(N) € O(N)
To prove the lower bound, for every N > 1,
Tbuild(N) = 2N - 1 = N
Letc=1. Then,
Tpuita(N) = ¢ N
Therefore,
Thuina(N) € Q(N)
Because its upper bound is the same as its lower bound, then,
Thuia(N) € O(N)

In the implementation, the array TREE is allocated with size
4N to safely store all possible node indices. Therefore,

Spuita(N) < 4N
So
Spuita(N) € O(N)
Since at least N leaf values must be represented,
Spuia(N) = N
So
Spuita(N) € 2(N)
Therefore,

Spuia(N) € O(N)

B. Update Operation Complexity

The update operation changes one element in the array. The
function starts from the root and recursively searches for the leaf
node that represents the updated index. In the implementation,
both children are called, but the child whose interval does not
contain the updated index returns immediately.

Let d be the depth of the updated leaf. Along the root-to-leaf
path, the algorithm visits d + 1 relevant nodes. At each internal
level, the algorithm also calls one sibling subtree that
immediately returns. Therefore, the number of function calls can
be written as

Tupdate(N) =2d +1

Since the segment tree divides the interval into two smaller
intervals at each level, the depth d is bounded by

d < ceil(log, N)

Thus,
Tupaate(N) < 2ceil(log, N) + 1
ForN>2,
ceil(log, N) < log, N + 1
S0

Tupdate(N) < 2(og, N + 1) + 1
Tupaate(N) < 2log; N + 3

Since loga N> 1 for N> 2,
2log; N + 3 < 5log, N
Therefore,
Tupdate(N) < 5Slog; N
So
Tupdate(N) € O(logN)

For the lower bound in the worst case, the update operation
must reach the leaf representing the updated index. Since the
height of the segment tree grows logarithmically with respect to
N, there exists a constant ¢ > 0 such that

Tupdate (N) =c 1082 N

Therefore,
Tupdate(N) € £2(logN)
Tupdate(N) € O(logN)
The regular update operation does not allocate new segment
tree nodes. It only modifies values already stored in the TREE

array. Therefore, the permanent additional space used by one
update is

Supdate(N) € 0(1)

However, because the implementation is recursive, the
recursion stack follows the height of the segment tree. Thus, the
auxiliary stack space is
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Supdate—stack (N) S0 (108 N)

C. Query Operation Complexity

The query operation returns the sum of elements inside a
requested range. The function starts from the root and checks
whether the current interval is outside, inside, or partially
overlapping with the query range.

If the current interval is completely outside the query range,
the function returns 0. If the current interval is completely inside
the query range, the stored value is returned directly. If the
interval partially overlaps, the function continues recursively to
its children.

In the worst case, a range query visits nodes around the left
and right boundaries of the query interval. At each level, only a
constant number of nodes can partially overlap with the query
boundary. Since the height of the tree is at most ceil(log, N), the
number of visited nodes is bounded by

Tquery(N) < 4ceil(log; N) + 1
ForN>2,
ceil(log; N) < log, N + 1
S0
Tpuery(N) < 4(logz N + 1) + 1
Tquery(N) < 4log, N + 5

Since logy N> 1 for N> 2,
4log, N + 5 < 9log, N
Therefore,
Tquery(N) < 9log, N
So
Tquery(N) € O(logN)

For the lower bound in the worst case, consider a query that
asks for only one index. The algorithm must follow a path from
the root to the leaf representing that index. This path has
logarithmic height. Therefore, there exists a constant ¢ > 0 such
that

Tquery(N) = clog, N
So

Tiery(N) € 0(logN)
then the worst-case query complexity is

Tquery(N) € O(logN)

However, not every query takes logarithmic time. If the
query range is the entire array, the answer is stored directly at
the root, so the query can be answered in constant time:

Tquery—best(N) € 9(1)

The query operation does not allocate new segment tree
nodes. Therefore, the permanent additional space used by one

query is
Squery(N) € @(1)

Since the implementation is recursive, the auxiliary stack
space in the worst case is

Squery—stack (N) SNC) (log N)

D. Total Complexity for Multiple Operations
If the program performs U update operations and Q query
operations after the initial build, the total running time is
Trotaiv,u,0) = Touitany T U Tupdateany + @ Tqueryv
From the previous analysis,
Thuia(N) € O(N)
Tupdate(N) € O(logN)
Tyuery(N) € O(logN)
Therefore,
Tiotat(N,U,Q) € O(N + UlogN + QlogN)
This can be simplified as
Ttotar(N,U,Q) € O(N + (U + Q)logN)
The total permanent space of the regular segment tree remains
Stotat(N, U, Q) € O(N)

This is because all update operations modify the same TREE
array, and query operations do not create new nodes. Therefore,
even after U updates and Q queries, the regular segment tree
only stores the latest version of the array.

VI. MAKING THE SEGMENT TREE PERSISTENT

The regular segment tree implementation is efficient for
update and query operations, but it only stores the latest state of
the array. When an update is performed, the affected leaf and its
ancestors are modified directly inside the same TREE array.
This means that the previous version is destroyed. Therefore, the
main problem is not the update time itself, but the loss of
historical information after an update.

A. The Bottleneck of Preserving Versions

Suppose a program needs to keep every version of the
segment tree after each update. A simple approach is to copy the
entire segment tree before applying an update. Since a segment
tree contains ®(N) nodes, copying the whole tree for every
update would require

Supdate—copy(N) € Q(N)

additional space per update. If there are U update operations,
then the total space required to store all versions becomes

Stotal—copy(N’ U) € @(N + UN)

This approach preserves all versions, but it is inefficient
because a point update does not actually change the whole tree.
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In a segment tree, changing one array element only affects the
leaf representing that element and the ancestors of that leaf. All
other subtrees remain unchanged. Therefore, copying the entire
tree wastes memory by duplicating many nodes whose values do
not change.

B. The Key Observation

The key observation is that a point update only affects one
path from the root to a leaf. If the updated index is idx, then only
the intervals containing idx need to be changed. These intervals
appear exactly along the root-to-leaf path. Subtrees whose
intervals do not contain idx are not affected by the update.

Because the height of a segment tree is logarithmic with
respect to N, the number of affected nodes is only proportional
to log N. This means that, instead of copying ®(N) nodes, an
update only needs to copy @(log N) nodes.

C. Path Copying

The technique used to make the segment tree persistent is
called path copying. Instead of modifying old nodes, the update
operation creates new copies of the nodes along the affected
root-to-leaf path. The unaffected children are reused by pointing
to the same nodes as the previous version.

For example, when the update goes to the left child, the new
parent node will contain a new left child and reuse the old right
child. Similarly, when the update goes to the right child, the new
parent node will reuse the old left child and contain a new right
child. This process continues until the updated leaf is reached.

Assume there is an array [2, 1, 5, 3] and a persistent segment
tree is used to compute its range sum. The segment tree
visualization can be seen in the figure below.

Initial Segment Tree (Version 0)
Array A =[2,1,5,3]

LA W) ) G

Each node stores the sum of its interval.

Fig. 6.1 Initial Persistent Segment Tree Illustration

Suppose there is an update that changes the value of index
2 in A from 5 to 7, in other words, A[2] = 7. A new tree will be
created, but only includes the affected root-to-leaf path. The rest
of the nodes will be filled by pointing to nodes in the original
segment tree. The visualization of the segment tree can be seen
in the following figure.

After Update: Version 1 from Version 0
Update: A[2] changes from 5 to 7

Version 0 Version 1

G Newly created (copied) nodes

====» Pointer to reused node in Version 0

[ Only the affected root-to-leaf path is copied; arrows point to reused nodes in Version 0. ]

Fig. 6.2 Updated Persistent Segment Tree Illustration

As a result, the old version remains unchanged, while the
new version has its own path to the updated leaf. Both versions
can still share all unchanged subtrees.

D. Version Roots

A persistent segment tree cannot be represented
conveniently using a single array like the regular
implementation, because different versions may share some
nodes but have different root-to-leaf paths. Therefore, the
persistent implementation usually uses pointers or node indices.

Each version is represented by one root pointer. The first root
points to the segment tree built from the initial array. Every
update returns a new root pointer, which represents the new
version. The old root pointer is kept, so the old version can still
be queried.

If root[0] represents the initial version, then root[1] can
represent the version after the first update, root[2] can represent
the version after the second update, and so on. Querying a
version only requires choosing the appropriate root before
running the query operation.

E. Effect of Persistence

Persistence changes the memory behavior of the segment
tree, but it does not significantly change the logic of range
queries. The query operation still works by checking whether the
current interval is outside, inside, or partially overlapping with
the requested range. The only difference is that the query starts
from the root of the selected version.

The update operation is the main difference. In a regular
segment tree, the update modifies existing nodes. In a persistent
segment tree, the update creates new nodes along the affected
path and shares the unchanged subtrees.

VII. PERSISTENT SEGMENT TREE IMPLEMENTATION

This section describes the persistent segment tree
implementation used in this paper. Unlike the regular segment
tree implementation, which stores all nodes inside one array, the
persistent segment tree uses dynamically allocated nodes and
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pointers. This is necessary because several versions may share
some nodes while also having different copied paths.

The implementation supports point assignment updates and
range sum queries. Each version is represented by a root pointer.
The initial root represents the segment tree built from the
original array, while each update produces a new root pointer for
the new version.

A. Node Structure

Each node stores the sum of its interval and two pointers to
its children. The interval boundaries are not stored inside the
node. Instead, they are passed as parameters in recursive
functions.

Node {

sum;
Node *1;
Node *r;

Node ( _sum) {

sum = _sum;

Node(Node *L, Node *R) {
1L =Ll r=k
sum = @;
if (1 1=
if (r 1=

sum += (1->sum);

sum += (r->sum);

Fig. 7.1 Node Structure of Persistent Segment Tree

The first constructor is used to create a leaf node. The second
constructor is used to create an internal node from two child
nodes. For a range sum segment tree, the value of an internal
node is the sum of the values stored in its left and right children.

B. Build Operation

The build operation constructs the first version of the
segment tree. This operation is similar to the build operation in
the regular segment tree, because there is no older version that
needs to be preserved during the initial construction.

Node* build( 1, r) {
if (1 == r) return
mid = (1 + r) / 2;
Node(build(l, mid), build(mid + 1, r));

Node(A[1]);

return

Fig. 7.2 Build Implementation of Persistent Segment Tree

If the current interval contains only one element, a leaf node
is created. Otherwise, the interval is divided into two
subintervals, and the current node is created from the two child
nodes. The root returned by this function becomes the root of
version 0.

C. Update Operation

The update operation is the main difference between the
regular and persistent implementations. In the regular segment
tree, an update modifies existing nodes directly. In the persistent

segment tree, an update creates new nodes along the path from
the root to the updated leaf.

Node* update(Node *cur, 1, r, idx,
if (idx < 1 || idx > r) return cur;
if (idx == 1 && idx == r) return

mid = (1 + r) / 2;

Node(

update(cur->1, 1, mid, idx, val),

update(cur->r, mid + 1, r, idx, val

val) {

Node(val);

return

)5

Fig. 7.3 Update Implementation of Persistent Segment Tree

If the current interval does not contain the updated index, the
function returns the existing node. This means that the subtree is
reused by the new version. If the current interval is a leaf, a new
leaf node is created with the updated value. Otherwise, the
function recursively updates the appropriate path and creates a
new internal node.

Although the function calls both children, only the child
whose interval contains the updated index creates new nodes.
The other child immediately returns the old node. Therefore, the
new version shares all unaffected subtrees with the previous
version.

D. Query Operation

The query operation retrieves the sum of a given range from
a selected version. The algorithm is almost the same as the query
operation in a regular segment tree. The only difference is that
the function starts from the root pointer of the version being
queried.

query(Node *cur, 1, Py ql,
if (1 >r || r<qgl || 1> gr) return 9;
if (ql <= 1 & r <= gr) return cur->sum;

mid = (1 + r) / 2;
return query(cur->1, 1, mid, ql, gr)
+ query(cur->r, mid + 1, r, gql, gr);

Fig. 7.4 Query Implementation of Persistent Segment Tree

If the current interval is outside the query range, the function
returns 0. If the current interval is completely inside the query
range, the stored sum is returned directly. If the interval partially
overlaps the query range, the query continues recursively to both
children.

The query operation does not create new nodes. Therefore,
querying an old version does not change any version of the data
structure.

E. Version Roots

All versions are stored using root pointers. The first root is
created by the build operation. Each update takes one existing
root and returns a new root.

vector<Node*> roots;
roots.push_back(build(®, N - 1));

roots.push_back(update(roots.back(), @, N - 1, idx, val));

Fig. 7.5 Version Control of Persistent Segment Tree
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In this example, roots[0] represents the initial version of the
array. After one update, roots[ 1] represents the updated version.
Since roots[0] is not modified, queries can still be performed on
the original version.

For example, the following two queries may return different
results because they are performed on different versions.

query(roots[@], @, N - 1, ql, qr);
query(roots[1], @, N - 1, ql, gr);
Fig. 7.6 Query Example of Persistent Segment Tree

This version-root mechanism is the main reason the
persistent segment tree can preserve historical states. Each root
represents one version, while unchanged nodes may be shared
between multiple versions.

VIII. PERSISTENT SEGMENT TREE COMPLEXITY
ANALYSIS

Let N be the data size, U be the number of update operations,
and Q be the number of query operations. This section analyzes
the time and space complexity of the persistent segment tree
implementation. The main difference between the regular and
persistent segment tree is in the update operation. A regular
segment tree overwrites old nodes, while a persistent segment
tree creates new nodes along the affected path and reuses
unchanged subtrees.

A. Build Operation Complexity

The build operation constructs the initial version of the
persistent segment tree. This operation is similar to the build
operation in a regular segment tree. Each array element becomes
one leaf node. Since the tree is a full binary tree, the number of
internal nodes is N - 1. Therefore, the total number of nodes
created during the build operation is

Tpuiia(N) = N+ (N — 1)
Tbuild(N) =2N-1

Because every node is created exactly once, the build time is
proportional to the number of created nodes.

For the upper bound, for every N> 1,
Tpuiia(N) = 2N — 1 < 2N
Let C =2. Then,
Toura(N) < CN
Therefore,
Tpuira(N) € O(N)
For the lower bound, for every N> 1,
Tpuita(N) = 2N —1 =2 N
Letc=1. Then,
Tpuisa(N) = ¢ N
Therefore,

Tyuiia(N) € Q(N)

S0
Tpuina(N) € O(N)

The build operation also allocates 2N - 1 nodes in memory.
Each node stores a sum value and two child pointers, which are
constant-sized information. Therefore,

Spuia(N) = 2N — 1
Using the same upper and lower bound argument,
Spuia(N) € O(N)

B. Update Operation Complexity

The update operation creates a new version of the segment
tree. It does not modify the old version. Instead, it creates new
nodes along the path from the root to the updated leaf.

Let d be the depth of the updated leaf. The update operation
creates one new node for each level on the path from the root to
that leaf. This includes the new leaf itself and all copied
ancestors. Therefore, the number of newly allocated nodes is

Supdate(N) =d+1

Since the height of the segment tree is bounded by ceil(log,
N),

d < ceil(log, N)

Thus,
Supaate(N) < ceil(log; N) + 1
ForN>2,
ceil(log, N) < log, N + 1
o

Supdate(N) < logZN + 2

Since loga N> 1 for N> 2,

log, N + 2 < 3log, N
Therefore,

Supdate(N) < 3log, N
Let C = 3. Then,

Supdate(N) < Clog, N
So

Supdate(N) € O(logN)

For the lower bound in the worst case, the update must create
a new path from the root to the updated leaf. Since the depth of
a leaf in a balanced segment tree grows logarithmically with
respect to N, there exists a constant ¢ > 0 such that

Supaate(N) = clog, N
Therefore,

Supdate(N) € 2(logN)
Then
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Supdate (N) S0 (lOg N)

The time complexity follows the same path structure. In the
implementation, the update function may call both children, but
the child whose interval does not contain the updated index
returns immediately. The algorithm only continues deeply along
one root-to-leaf path. Therefore, the number of recursive calls is
proportional to the height of the tree. Thus,

Tupdate (N) € 0 (lOg N)

C. Query Operation Complexity

The query operation retrieves a range sum from a selected
version. It starts from the root pointer of that version. The query
algorithm is the same as the regular segment tree query
algorithm because the structure of each version is still a segment
tree.

If the current interval is completely outside the query range,
the function returns 0. If the current interval is completely inside
the query range, the function returns the stored sum directly. If
the interval partially overlaps, the function continues recursively
to both children.

In the worst case, a query visits nodes around the boundary
of the query interval. At each level, only a constant number of
nodes can partially overlap with the query boundary. Since the
height of the segment tree is bounded by ceil(logx N), the
number of visited nodes is bounded by

Tquery(N) < 4ceil(log; N) + 1
ForN>2,
ceil(log; N) < log, N + 1
so
Tquery(N) < 4(log, N + 1) + 1
Tquery(N) < 4log, N + 5

Since logy N> 1 for N> 2,
4log, N + 5 < 9log, N
Let C=9. Then,
Tquery(N) < Clog; N
Therefore,
Tyuery(N) € 0(logN)

For the lower bound in the worst case, consider a query for a
single index. The query must follow a path from the root to one
leaf. Since the height of the tree grows logarithmically with
respect to N, there exists a constant ¢ > 0 such that

Tquery(N) = clog, N
Therefore,

Tyuery(N) € 0(l0gN)
then the worst-case query time complexity is

Tyuery(N) € O(logN)

However, not every query takes logarithmic time. A query
that asks for the whole array can be answered directly from the
selected root node. Therefore, the best-case query time is

Tquery—best(N) € @(1)

The query operation does not allocate new nodes. Therefore,
the permanent additional space used by one query is

Squery(N) € 9(1)

However, because the implementation is recursive, the
auxiliary stack space is proportional to the height of the tree.
Thus,

Squery—stack (N) €0 (log N)

D. Total Space After Multiple Updates

The main advantage of the persistent segment tree is that it
avoids copying the whole tree for every update. The initial build
creates 2N - 1 nodes. Each update creates only the copied path
from the root to the updated leaf. Let d; be the depth of the
updated leaf in the i-th update. Then the total number of nodes
after U updates is

U
Storat (N, U) = (2N = 1+ D (di +1)

i=1

Since each d; is bounded by ceil(logz N),
Stotar(N,U) < (2N — 1) + U(ceil(log, N) + 1)
For N>2,
ceil(log N) + 1 < 3log, N
So
Stotat(N,U) < 2N + 3Ulog, N
Therefore,
Stotar(N,U) € O(N + UlogN)

For the lower bound, the initial build already requires N leaf
nodes, so the structure needs at least Q(N) space. In addition,
each update must create a new path with logarithmic length in
the worst case. Therefore,

Stotar(N,U) € Q2(N + UlogN)
Since the upper and lower bounds are equal asymptotically,
Stotar(N,U) € O(N + UlogN)

The vector of root pointers also stores one root for each
version. Since there are U updates after the initial version, the
number of roots is U + 1. Therefore, the root pointer storage is
O(U). For N > 2, this is dominated by @(U log N), so the total
space remains

Stotat(N,U) € O(N + UlogN)

Makalah IF1220 Matematika Diskrit, Semester II Tahun 2025/2026



E. Total Time for Multiple Operations
If the program performs U update operations and Q query
operations after the initial build, then the total running time is

Ttotar(N, U, Q) = Tpyuia(N) + U Tyupaate (N) + Q Tguery(N)
From the previous analysis,
Tpuina(N) € O(N)
Tupdate(N) € O(logN)
Tquery(N) € @(logN)
Therefore,

Ttotal(NvUvQ) € Q(N +(U + Q)lOgN)

F. Comparison with the Regular Segment Tree

The persistent segment tree has the same asymptotic time
complexity as the regular segment tree for build, update, and
query operations. The difference is in memory usage and
version access. The regular segment tree uses ®(N) permanent
space because it only stores one version. The persistent segment
tree uses @(N + U log N) permanent space because each update
creates a new version by allocating ®(log N) new nodes.

. Regular Segment Persistent Segment
Operation g Treeg Tree g
Build time ONN) ON)

Build space ON) ON)
Point update
time O(log N) O(log N)
Space per
update e(1) O(log N)
Range query
fime O(log N) O(log N)
Total time | O(N + (U+Q)log N) | O(N + (U+Q)log N)
Total Space O(N) ®ON + U log N)
Version
Control No Yes

Table 8.1 Regular and Persistent Segment Tree Comparison

IX. CONCLUSION

Persistent segment tree extends the regular segment
tree by preserving previous versions after updates. While a
regular segment tree overwrites affected nodes and only keeps
the latest array state, a persistent segment tree uses path copying
to create a new version without destroying the old one.

The analysis shows that both regular and persistent
segment trees require ®(N) time and ®(N) space for the build
operation. Both structures also support point updates and range
queries in ®(log N) time in the worst case. The main difference
is memory usage: a regular segment tree uses @(N) permanent
space, while a persistent segment tree uses @(N + U log N)
permanent space after U updates.

Therefore, persistent segment tree is useful when
historical versions of an array must remain queryable. Its main
tradeoff is additional memory usage, but this cost is much
smaller than copying the entire segment tree after every update.

VIDEO LINK AT YOUTUBE
https://youtu.be/6wW8vqClzj4
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